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EIGENVALUES OF THE KOHN LAPLACIAN AND DEFORMATIONS
OF PSEUDOHERMITIAN STRUCTURES ON COMPACT EMBEDDED
STRICTLY PSEUDOCONVEX CR MANIFOLDS
AMINE ARIBI AND DUONG NGOC SON
Abstract. We study the eigenvalues of the Kohn Laplacian on a closed embedded strictly
pseudoconvex CR manifold as functionals on the set of positive oriented contact forms P+.
We show that the functionals are continuous with respect to a natural topology on P+.
Using a simple adaptation of the standard Kato-Rellich perturbation theory, we prove that
the functionals are (one-sided) differentiable along 1-parameter analytic deformations. We
use this differentiability to define the notion of critical contact forms, in a generalized sense,
for the functionals. We give a necessary (also sufficient in some situations) condition for a
contact form to be critical. Finally, we present explicit examples of critical contact form
on both homogeneous and non-homogeneous CR manifolds.
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1. Introduction
Let (M2n+1, θ) be a compact strictly pseudoconvex pseudohermitian manifold, ∂¯b the
tangential Cauchy-Riemann operator, and ∂¯∗b the adjoint with respect to the volume form
dvolθ := θ ∧ (dθ)n. The Kohn Laplacian acting on functions is defined by b = ∂¯∗b ∂¯b. It
is well-known that b is nonnegative and self-adjoint with noncompact resolvent on the
Hilbert space L2 (M,dvolθ) of the complex-valued square-integrable functions on M . Here,
the inner product on L2(M,dvolθ) is defined by 〈φ,ψ〉 :=
∫
M φψ dvolθ. This operator plays
an important role in many problems in several complex variables and CR geometry, see,
e.g. [9] and [10]. In particular, its spectrum contains rich geometric information about the
underlying CR manifolds (see, e.g. [8, 16] and the references therein.)
The spectral theory for the Kohn Laplacian in the strictly pseudoconvex case is well
understood. It is proved by Beals–Greiner [6] for the case n ≥ 2 and Burns–Epstein [8]
for the case n = 1 that the spectrum of b in (0,∞) consists of point eigenvalues of finite
multiplicity (the case n ≥ 2 is even simpler, thanks to Kohn’s Hodge theory, see, e.g, [9, 16]).
Moreover, by Kohn [12], M is embeddable if and only if zero is an isolated eigenvalue of b.
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Thus, if M is embeddable, then spec (b)∩ (0,+∞) consists of countably many eigenvalues
of finite multiplicity, 0 < λ1 ≤ λ2 ≤ · · · , with λj → ∞ as j → ∞. Moreover, for j ≥ 1,
the corresponding eigenfunctions are smooth. By the work of Boutet de Monvel [7], the
embeddability holds for compact strictly pseudoconvex CR manifolds if n ≥ 2.
In recent years, there is much effort devoted to the study of the first positive eigenvalue
λ1 of the Kohn Laplacian. In particular, estimates for λ1 have been studied extensively, see
[16, 17, 18] and the references therein. In the present paper, we consider, for each k ≥ 1,
the k-th eigenvalue λk(θ) = λk(
θ
b) as a functional on the space of positive pseudohermitian
structures P+ := {euθ : u ∈ C∞(M)} and study its behavior under the deformations of
the pseudohermitian structures. This study is motivated by previous work about spectral
theory in Riemannian and CR geometries; see e.g. [11, 3, 4].
The first result of this paper establishes the continuity of the eigenvalue functionals with
respect to deformations of the contact forms. Precisely, fix a reference structure θ0 and
consider the C1 distance on P+ given by
d0(θ, θ
′) = sup
M
|u− u′|+ sup
M
|∂¯bu− ∂¯bu′|θ0 , (1.1)
where θ = euθ0 and θ
′ = eu
′
θ0. The continuity of the λk-funtionals is stated as follows.
Theorem 1.1. Let M2n+1 be a compact strictly pseudoconvex embeddable CR manifold.
Suppose that θ and θˆ = euθ are two pseudohermitian structures on M . Then for δ > 0 and
δ′ > 0, if supM |u| < δ and supM |∂¯bu|θ < δ′, then
e−(n−1/2)δ
√
λk(θ)− nδ′enδ ≤
√
λk(θˆ) ≤ e(n−1/2)δ
√
λk(θ) + nδ
′e(n−1/2)δ . (1.2)
In particular, the map θ 7→ λk(θ) is locally Lipschitz continuous on (P+, d0).
The proof is based on an analogue of the “Max-mini principle” for the eigenvalues of the
Kohn Laplacian (see [5, 3] for the (sub-)Laplacian counterparts.) A new difficulty that arises
in our situation is the fact that the kernel ker(b) is nontrivial. In fact, ker(b) consists of
CR functions and has infinite dimension. We overcome this difficulty by restricting b to
the orthogonal complement of its kernel. We point out however that the orthogonality also
depends on the pseudohermitian structures.
An immediate application of Theorem 1.1 is the semi-continuity of the multiplicities of
the eigenvalues. Precisely, let mk(θ) be the multiplicity of the eigenvalue λk(θ), i.e.,
mk(θ) := ♯{ℓ | λℓ(θ) = λk(θ)}. (1.3)
Adapting the proof of Corollary 2.12 in [22], we obtain from Theorem 1.1 the following
Corollary 1.2. Let (M,θ) be a strictly pseudoconvex pseudohermitian manifold. Then there
exists δ > 0 such that whenever θˆ ∈ P+ with d0(θˆ, θ) < δ, then
mk(θˆ) ≤ mk(θ). (1.4)
Subsequent results of this paper establish the 1-sided differentiability of the λk-functionals
and the criticality of the pseudohermitian structures with respect to 1-parameter (smooth or
analytic) deformations. Namely, let eutθ be an analytic deformation of the pseudohermtian
structure. For each k ≥ 1, the function t 7→ λk(θt) is differentiable at almost every t, but
it may fail to be differentiable at certain point. However, by a simple adaptation of the
perturbation theory for unbounded self-adjoint operators with compact resolvent of Rellich-
Alekseevsky-Kriegl-Losik-Michor, see F. Rellich [20], D. Alekseevski & A. Kriegl & M. Losik
& P.W. Michor [1], and A. Kriegl & P.W. Michor [14], we prove that the function t 7→ λk(θt)
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admits left-sided and right-sided derivatives at t = 0. The left and right derivatives can be
expressed in terms of the eigenvalues of a certain Hermitian form defined as follows: Let
L(ψ, η) = (n+ 1)η¯bψ − n〈∂¯bψ, ∂bη¯〉, (1.5)
and
Qf (ψ, η) = −
∫
M
fL(ψ, η) dvolθ. (1.6)
Then the restriction L|Ek to each eigenspace Ek is Hermitian, i.e., L(ψ, η) = L(η, ψ) for
η, ψ ∈ Ek. Moreover, if f is real-valued, then Qf is also Hermitian. Therefore, Qf |Ek has
m := dimEk real eigenvalues, counting multiplicities. Our next result is as follows.
Theorem 1.3. Let (M,θ) be an embeddable strictly pseudoconvex pseudohermitian manifold
and θt = e
utθ, t ∈ (−ǫ, ǫ), an analytic deformation, θ0 = θ. For each k ≥ 1, let λk(θ(t)) be
the k-th eigenvalue of b,t. Then
(i) The function t 7→ λk(θ(t)) has left and right derivatives at t = 0.
(ii) The one-side derivatives ddtλk(θ(t))
∣∣
t=0−
and ddtλk(θ(t))
∣∣
t=0+
are eigenvalues of the
Hermitian form Qf |Ek , where f = ∂ut/∂t|t=0.
(iii) If k = 1 or λk(θ) > λk−1(θ), then
d
dtλk(θ(t))
∣∣
t=0−
and ddtλk(θ(t))
∣∣
t=0+
are the greatest
and the least eigenvalues of Qf |Ek , respectively.
(iv) If λk(θ) < λk+1(θ) then
d
dtλk(θ(t))
∣∣
t=0−
and ddtλk(θ(t))
∣∣
t=0+
are the smallest and the
greatest eigenvalue of Qf |Ek , respectively.
This theorem should be compared with similar results for Laplacian [11] and sub-Laplacian
on CR manifolds [4]. In view of this theorem, we define the notion of critical pseudohermi-
tian structures for the λk-functional as follows: We first denote by P0+ the space of strictly
pseudoconvex pseudohermitian structures with unit volume, i.e.,
P0+ =
{
θ ∈ P+(M) :
∫
M
dvolθ = 1
}
. (1.7)
We say that a pseudohermitian structure θ is critical for the λk-functional restricted to P0+
if for any analytic deformation {θ(t) = eutθ} ⊂ P0+ with θ(0) = θ, we have
d
dt
λk(θ(t))
∣∣
t=0−
× d
dt
λk(θ(t))
∣∣
t=0+
≤ 0. (1.8)
If θ is critical for the λk-functional, then for any analytic deformation of constant volume
t→ θ(t), either
λk(θ(t)) ≤ λk(θ) + o(t) as t→ 0, (1.9)
or
λk(θ(t)) ≥ λk(θ) + o(t) as → 0. (1.10)
Observe that if k = 1 then only the first possibility can occur.
In the next result, we give a characterization of the criticality for the λk-functional.
Theorem 1.4. Let M be an embeddable strictly pseudoconvex CR manifold and θ ∈ P0+. If
θ is critical for the λk-functional restricted to P0+, then there exists a finite family ψ1, . . . , ψd
of λk-eigenfunctions such that
d∑
j=1
L(ψj) =
d∑
j=1
(
(n+ 1)λk|ψj |2 − n|∂¯bψj|2
)
= constant. (1.11)
Here L is defined by (1.5). If k = 1 or λk−1(θ) < λk+1(θ), then the existence of such a
family of eigenfunctions is also sufficient for θ to be critical for the λk-functional.
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We should point out that although the characterization (1.11) is similar to the Riemannian
case [11] and sub-Riemannian case [4] (see also [2] for a similar result in Ka¨hler case), our
case exhibits an important difference. Precisely, it is proved in [11] that the criticality of
the λk(∆)-functional of the Laplacian is characterized by the existence of a finite collection
of λk(∆)-eigenfunctions fj such that the sum of squares f
2
1 + f
2
2 + · · · + f2d is constant
on the manifold. In our characterization, the identity (1.11) contains not only the sum of
squared norms of the eigenfunctions, but also their first order derivatives. It is natural to
ask whether the term involving derivatives in (1.11) can be removed? It is worth noting
that in the examples of critical pseudohermitian structures given in Section 6, there always
exist collections of eigenfunctions whose sums of squared norms are constant. However, a
difficult in our situation comes from the fact that b is generally a complex operator and
hence the eigenfunctions are not necessarily real-valued. This makes the method treating
the Laplacian [11] and sub-Laplacian [3] cases breaks down in the Kohn Laplacian case.
Nevertheless, the characterization (1.11) still leads to the following
Corollary 1.5. Let (M,θ) be a compact embeddable pseudohermitian manifold. Suppose
that (M,θ) is homogeneous (i.e., the group of CR diffeomorphisms preserving θ acts transi-
tively). Then θ is critical for the λk-functional if either k = 1, or k > 1 and λk−1 < λk+1.
The paper is organized as follows. In section 2, we study the continuity of the eigen-
value functionals and prove Theorem 1.1 and Corollary 1.2. In section 3, we study the
parameterizations of the eigenvalues using the classical perturbation theory that is adapted
to our situation. We study the critical pseudohermitian structures and prove Theorem 1.4
and Corollary 1.5 in section 4. In section 5, we extend some results for λk-functionals to
the case of the ratio functionals
λk+1
λk
of two consecutive eigenvalues and give characteriza-
tions of critical metrics for them. In section 6, we give several explicit examples of both
homogeneous and nonhomogeneous critical structures.
2. Continuity of the eigenvalue functionals
2.1. The Kohn Laplacian on pseudohermitian manifolds. We briefly recall some
basic notions of pseudohermitian geometry and the Kohn Laplacian on pseudohermitian
manifolds. For more details, we refer the readers to [10] and [9]. Let (M,θ) be a strictly
pseudoconvex pseudohermitian manifold. Let T be the Reeb field associated to θ, i.e., T is
the unique real vector field that satisfies T ⌋dθ = 0 and θ(T ) = 1. An admissible coframe on
an open subset of M is a collection of n complex (1, 0) forms θ1, θ2, . . . θn whose restrictions
to T 1,0M form a basis for (T 1,0M)∗ and θα(T ) = 0. There exists a holomorphic frame
{Zα : α = 1, 2, . . . n} of T 1,0M such that {T,Zα, Zα¯} is a dual frame for {θ, θα, θα¯}. The
Levi form associated to θ is given by the Hermitian matrix hαβ¯ , where
dθ = ihαβ¯θ
α ∧ θβ¯. (2.1)
Let ∂b be the Cauchy-Riemann operator. For a smooth function f , it holds that ∂bf = fαθ
α
(summation convention) where fα = Zαf . The formal adjoint of ∂b on functions (with
respect to Levi form and volume element dvolθ := θ ∧ (dθ)n) is given by ∂∗b = −δb. Here δb
is the divergence operator taking (1, 0)-forms to functions by δb(σαθ
α) = σα,
α. The Greek
indexes preceded by commas indicate the covariant derivatives with respect to the Tanaka–
Webster connection on (M,θ). The Kohn Laplacian associated to θ acting on functions
is b = ∂¯
∗
b ∂¯b, where ∂¯b is the conjugate of ∂b. In terms of the Tanaka–Webster covariant
derivatives (see [10]),
bf = −fα¯,α¯. (2.2)
If M is compact and embeddable, then kerb consists of the CR functions and is of infinite
dimension. In particular, kerb does not depend on the choice of the pseudohermitian
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structures. As already mentioned in the introduction, the basic spectral theory for the
Kohn Laplacian on compact embeddable strictly pseudoconvex pseudohermitian manifolds
are well understood, see, e.g., [9].
We shall need a formula relating the Kohn Laplacian associated to different pseudoher-
mitian structures. Observe that if θˆ = euθ, then |∂¯bf |θˆ = e−u/2|∂¯bf |θ and
dvolθˆ = θˆ ∧ (dθˆ)n = e(n+1)udvolθ. (2.3)
Furthermore, the Kohn Laplacian changes as follows:
Proposition 2.1. Let (M,θ) be a pseudohermitian manifolds and let θˆ = euθ. Denote by
b and ˆb is the Kohn Laplacian operators that correspond to θ and θˆ. Then
eu ˆbf = bf − n 〈∂bu, ∂¯bf〉. (2.4)
Proof. We can assume that f is smooth. Choose a local holomorphic frame {Zα} and its
dual coframe {θα} that is admissible for θ. If θˆ = euθ, then we can take Zˆα = e−u/2Zα and
its dual coframe θˆα = eu/2(θα +
√−1uαθ). Then the corresponding Levi matrices satisfy
hˆβγ¯ = hβγ¯ . Furthermore, the connection forms ωβ
α and ωˆβ
α satisfy [15],
ωˆβ
α = ωβ
α + (uβθ
α − uαθβ) + 1
2
δαβ (uµθ
µ − uµθµ)
+
√−1
2
(
uαβ + uβ
α + 2uβu
α + 2δαβuµu
µ
)
θ. (2.5)
Denote ∇ˆβ = ∇ˆZˆβ , ∇β = ∇Zβ be the Tanaka-Webster covariant differentiation with respect
to θˆ and θ in the corresponding frames Zˆβ and Zβ . Then by (2.5)
∇ˆβ∇ˆγ¯f = ZˆβZˆγ¯f − ωˆγα(Zˆβ¯)Zˆα¯f = e−u∇β∇γ¯f + e−uuα¯fα¯hβγ¯ . (2.6)
Taking the trace with respect to hˆβγ¯ , we obtain (2.4). The proof is complete. 
2.2. The Max-mini principle. In this section, we prove an analogue for the Kohn Lapla-
cian of the well-known Max-mini principle for eigenvalues of the (sub-)Laplacian in [5] and
[3]. This is an important ingredient for our proof of Theorem 1.1. Precisely, for each
k-dimensional complex subspace Lk ∈ C∞(M,C) that satisfies Lk ∩ kerb = {0}, we put
Λθ(Lk) = sup
{‖bf‖2
‖∂¯bf‖2
: f ∈ Lk, f 6= 0
}
. (2.7)
Lemma 2.2 (Max-mini Principle). Let (M,θ) be a compact embeddable strictly pseudocon-
vex pseudohermitian manifold. Then
λk(θ) = inf
Lk
Λθ(Lk). (2.8)
where the infimum is taken over all subspaces Lk ⊂ C∞(M,C) of complex dimension k that
satisfies Lk ∩ kerb = {0}.
Proof. Let {ej}∞j=1 be a complete orthonormal system of (smooth) eigenfunctions of (kerb)⊥,
with bej = λjej . For arbitrary f ∈ L2(M,dvolθ), we expands
f = f0 +
∞∑
j=1
aj(f)ej , (2.9)
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where f0 is CR holomorphic, aj(f) ∈ C, and the series is convergent in L2(M,dvolθ). Let
L0k be the subspace of C
∞(M,C) spanned by e1, . . . ek. If f ∈ L0k, then
f =
k∑
j=1
aj(f)ej . (2.10)
Thus bf =
∑k
j=1 aj(f)λjej and hence,
‖bf‖2 =
k∑
j=1
|aj(f)|2λ2j ≤
k∑
j=1
|aj(f)|2λjλk
= λk‖∂¯bf‖2. (2.11)
Consequently,
Λθ(L
0
k) ≤ λk(θ). (2.12)
Here we have used an argument that is somewhat similar to those in [5] and [3].
To prove the reverse inequality, we shall also adapt the usual argument as appeared [3, 5].
First observe that case k = 1 is immediate and well-known (see, e.g., Corollary 3.2 in [17]).
Thus, suppose that k ≥ 2 and assume, for contradiction, that there exists a subspace Lk of
complex dimension k in C∞(M,C) that satisfies Lk ∩ kerb = {0} and
Λθ(Lk) < λk. (2.13)
For each f ∈ Lk,
Λθ(Lk)
∞∑
j=0
|aj(f)|2λj = Λθ(Lk) · (f,bf)L2
≥ ‖bf‖2
=
∞∑
j=0
λ2j |aj(f)|2. (2.14)
Thus, for any m ≥ 1,
m∑
j=1
|aj(f)|2λj (Λθ(Lk)− λj) ≥
∞∑
j=m+1
|aj(f)|2λj (λj − Λθ(Lk)) . (2.15)
In particular, choose m = max{j ≥ 0: λj(θ) ≤ Λθ(Lk)}. Observe that 0 ≤ m ≤ k − 1 since
λk > Λθ(Lk). Let Φ: Lk → C∞(M,C) be the linear map given by
Φ(f) =
m∑
j=1
aj(f)ej (2.16)
Let f˜ ∈ ker Φ, then aj(f˜) = 0 for all j = 1, 2 . . . m. Applying (2.15) to f˜ yields
∞∑
j=m+1
|aj(f˜)|2λj (λj − Λθ(Lk)) ≤ 0. (2.17)
Since λj − Λθ(Lk) > 0 for all j ≥ m + 1 we deduce that aj(f0) = 0 for all j = 1, 2 . . . .
Thus, ker Φ = {0}, i.e, Φ is injective. This contradicts the fact that the image Φ(Lk) has
dimension at most m < k = dimLk. The proof is complete. 
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2.3. Proof of Theorem 1.1 and Corollary 1.2.
Proof of Theorem 1.1. Let Lk be a k-dimensional subspace of L
2(M,θ) such that Lk ∩
kerb = {0}. For each f ∈ Lk, f 6= 0, we define two quotients Q and Qˆ as follows.
Q =
‖bf‖2θ∥∥∂¯bf∥∥2θ and Qˆ =
‖bf‖2θˆ∥∥∂¯bf∥∥2θˆ . (2.18)
By equation 2.4, we have
|̂bf |2 = e−2u|bf − n〈∂bu, ∂¯bf〉|2
= e−2u
[
|bf |2 + n2|〈∂bu, ∂¯bf〉|2 − 2nℜ
(
(bf)〈∂bu, ∂¯bf〉
)]
. (2.19)
We deduce, since dvolθˆ = e
(n+1)udvolθ, that
‖̂bf‖2θˆ =
∫
M
e(n−1)u
[
|bf |2 + n2|〈∂bu, ∂¯bf〉|2 − 2nℜ
(
(bf)〈∂bu, ∂¯bf〉
)]
dvolθ
≤ e(n−1)δ (‖bf‖2θ + n2δ′2‖∂¯bf‖2 + 2nδ′‖bf‖ · ‖∂¯bf‖) . (2.20)
We have used |u| < δ, |∂bu|θ ≤ δ′ on M and the Cauchy–Schwarz inequality. On the other
hand,
‖∂¯bf‖2θˆ =
∫
M
|∂¯bf |2θ enudvolθ
≥ e−nδ‖∂¯bf‖2θ. (2.21)
We then deduce that
Q̂ ≤ e(2n−1)δ
(√
Q+ nδ′
)2
. (2.22)
From the Max-Mini principle, we deduce that
λk(θˆ) ≤ e(2n−1)δ
(√
λk(θ) + nδ
′
)2
. (2.23)
This is the second inequality in (1.2). To prove the first inequality, we exchange the roles of
θ and θˆ. Observe that θˆ = e−uθ and |∂¯bu|θˆ = eu/2|∂¯bu|θ < eδ/2δ′. From the argument above,√
λk(θ) ≤ e(n−1/2)δ
(√
λk(θˆ) + ne
δ/2δ′
)
, (2.24)
which clearly implies the first inequality in (1.2). The proof is complete. 
Proof of Corollary 1.2. We put λ = λk(θ) and m = mk(θ). We first consider the case
λk(θ) = λ1(θ). Thus, 1 ≤ k ≤ m and
λ1(θ) = · · · = λm(θ) < λm+1(θ) ≤ · · · (2.25)
Put ǫ := (1/2)(λm+1(θ)− λ) > 0 and choose δ > 0 and δ′ > 0 such that
λm+1 − ǫ ≤
(
e−(n−1/2)δ
√
λm+1(θ)− nδ′enδ
)2
. (2.26)
Using Theorem 1.1, we deduce that that for j ≥ m+ 1 and θˆ := euθ,
λ+ ǫ = λm+1(θ)− ǫ ≤
(
e−(n−1/2)δ
√
λm+1(θ)− nδ′enδ
)2
≤
(
e−(n−1/2)δ
√
λj(θ)− nδ′enδ
)2
≤ λj(θˆ), (2.27)
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provided that |u| < δ and |∂bu|θ < δ′ on M . Consequently, mk(θˆ) ≤ mk(θ) for θˆ is “closed
enough” to θ, as desired.
Next, we consider the case λk(θ) > λ1(θ). Then for some ℓ with 1 ≤ ℓ < k ≤ ℓ+m,
λℓ(θ) < λℓ+1(θ) = · · ·λk(θ) = · · · = λℓ+m(θ) < λℓ+m+1 ≤ . . . (2.28)
Argue similarly as above, we can find ǫ > 0, δ > 0, δ′ > 0 such that whenerver θˆ = euθ with
|u| < δ and |∂bu|θ < δ′ on M , it holds that
λ+ ǫ ≤ λj(θˆ), j ≥ ℓ+m+ 1, (2.29)
and
λj(θˆ) ≤ λ− ǫ, j = 1, 2, . . . , ℓ. (2.30)
Hence, mk(θˆ) ≤ mk(θ). The proof is complete. 
Corollary 2.3. If t 7→ ut be a C1,α curve of smooth functions on M , with α > 0, and
θ(t) = eutθ. Then the curve t 7→ λk(θ(t)) is differentiable almost everywhere.
Proof. Observe that t 7→ λk(θ(t)) is locally Lipschitz by Theorem 1.1, the conclusion then
follows from the well-known Rademacher’s theorem. 
3. Derivatives of the eigenvalue functionals
We make use of a perturbation result which is an adaptation of the well-known general
theory due to Rellich [20], Alekseevsky, Kriegl, Losik, and Michor [1] for unbounded self-
adjoint operators with compact resolvent. The literature regarding the perturbation theory
for self-adjoint operators is vast and we cannot describe it in detail here. We refer the
readers to, e.g., [20, 14] and the references therein for a detail account.
Proposition 3.1. Let t 7→ A(t) be an analytic curve of (possibly unbounded) closed opera-
tors on a Hilbert space H, with common domain of definition and with compact resolvents.
Suppose that, for each t, the spectrum of A(t) is a discrete set of positive real eigenvalues
with finite multiplicities. Suppose further that the eigenvectors of A(t) form a basis for H
and that the global resolvent set {(t, z) : A(t)−z is invertible } is open. Then the eigenvalues
and the eigenvectors of A(t) may be parametrized real analytically in t locally.
An well-known argument in the literature (see, e.g., Theorem 7.8 in [1] or [14]) reduces
the parametrizations of the eigenvalues of a self-adjoint operator to those of the real roots
of a hyperbolic polynomial. The proof sketched below uses an argument that is almost
the same: The only difference is that instead of assuming the self-adjointness, we assume
the operators A(t) have “nice” spectra, namely, the eigenvalues of A(t) are real and they
have “enough” eigenvectors. These assumptions guarantee that the finite family of the
eigenvalues that are enclosed by a certain curve in the global resolvent set are the real roots
of an analytically parametrized hyperbolic polynomial. Moreover, the direct sum of the
corresponding of eigenspaces admits an analytic framing. This implies that the eigenvectors
are parametrized analytically, locally in t.
Precisely, let V be the common domain of definition of A(t) for each t. As in [1], put
‖u‖2t := ‖u‖2 + ‖A(t)u‖2. (3.1)
Then, for each t, (V, ‖ · ‖t) is a Hilbert space and A(t) : V → H is bounded. Moreover,
the norms are locally uniformly equivalent in t [1]. We equip V with one of the norms, say
‖ · ‖t0 . The map (t, z) 7→ (A(t)− z)−1 is analytic for (t, z) in the global resolvent set (which
is assumed to be open) since the inversion is analytic in the space L(V,H).
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Fix a parameter s and choose a smooth and closed curve γ in the resolvent set of A(s)
such that for all t close to s, there is no eigenvalue of A(t) lie on γ. This is possible under
the assumption that the global resolvent set is open. The curve
t 7→ P (t, γ) := − 1
2i
∫
γ
(A(t)− z)−1dz (3.2)
is a smooth curve of projections (onto the direct sums of the eigenspaces that correspond
to the eigenvalues of A(t) interior to γ) with finite and constant rank, say N . This family
of N -dimensional complex vector spaces t 7→ P (t, γ)(H) admits a local analytic frame F .
The operators A(t) maps P (t, γ)(H) into itself. In the local analytic frame F , they are
given by N ×N matrices Mt that are parametrized analytically in t. By assumptions, Mt
has N real eigenvalues which are precisely the eigenvalues of A(t) that are interior to γ.
Moreover, the eigenvalues are the real roots of the (hyperbolic) characteristic polynomial
Pt of Mt. Consequently, the eigenvalues of A(t) that are interior to γ are parametrized
analytically near s. Since the frame of P (t, γ)(H) can be chosen locally analytically, the
corresponding eigenvectors can also be chosen real analytically, as desired.
Theorem 3.2. Let (M,θ) be a compact embeddable strictly pseudoconvex pseudohermitian
manifold. Let θt := e
utθ be an analytic deformation of θ. Let λ > 0 be an eigenvalue of b
with multiplicity m. Then there exists ǫ > 0, a family of m real-valued analytic functions
Λj on (−ǫ, ǫ), and a family of smooth functions φj(t) on M such that
(i) Λj(0) = λ, 1 ≤ j ≤ m,
(ii) b,tφj(t) = Λj(t)φj(t).
Proof. Let b,t be the Kohn Laplacian associated to θt. For each t, b,t is a self-adjoint
operator in L2(M,dvolθt). Moreover, kerb,t = H is the subspace of CR functions. Note
that H does not depend on t and is closed in L2(M,dvolθt) for every t. We denote by H⊥t
the orthogonal complement of H in L2(M,dvolθt):
L2(M,θt) = H⊕H⊥t . (3.3)
Note that this orthogonal decomposition depends on t. For each t, the restriction
b,t|H⊥t : H
⊥
t →H⊥t
is an unbounded self-adjoint operator with compact resolvent (see, eg., [16]). The spectrum
of b,t|H⊥t coincides with the spectrum of b,t with zero removed.
Consider the analytic family of operators
Ut : H⊥ →H⊥t , Ut(ϕ) = e−(n+1)utϕ. (3.4)
Define Pt : H⊥t →H⊥t by
Pt = U
−1
t ◦
(
b,t|H⊥t
)
◦ Ut. (3.5)
Then Pt is a family of (not necessary self-adjoint) operators with compact resolvent. More-
over, the spectrum of Pt coincides with the spectrum of b,t|H⊥t for every t. In particular,
Pt has discrete spectrum consisting of real eigenvalues of finite multiplicity.
Observe that Pt is analytic in t. Indeed, by Proposition 2.1,
eutPt(ϕ) = bϕ+ 〈∂but, ∂¯bϕ〉+(n+1)〈∂bϕ, ∂¯but〉− (n+1)
(
but − (n− 1)|∂but|2
)
ϕ, (3.6)
and the right-hand side depends analytically in t.
By the continuity of the eigenvalues proved in Theorem 1.1, the global resolvent set must
be open. Therefore, we can apply Proposition 3.1 above to conclude that the eigenvalues of
Pt can be parametrized analytically on t, i.e., (i) holds. The conclusion (ii) also follows at
once. 
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Proof of Theorem 1.3. Letm be the dimension of Ek(θ). We apply Theorem 3.2 to obtain
m real-analytic functions Λl(t) and m analytic families of smooth functions φl(t) : M → C,
|t| < ǫ such that
b,tφl(t) = Λl(t)φl(t). (3.7)
By the continuity of the eigenvalue proved in Theorem 1.1, we deduce that there are two
indices p and q such that
λk(θ(t)) =
{
Λp(t), t < 0,
Λq(t), t > 0.
(3.8)
From this, the existence of the left and right derivatives of t 7→ λk(θ(t)) follows immediately.
To prove (ii), we differentiate (3.7) to obtain,

′
bφl = −bφ′l + Λ′l(0)φl + λk(θ)φ′l. (3.9)
By integration by parts, for all ψ ∈ Ek(θ),
〈′bφl, ψ〉L2(θ) = −
∫
M
ψ¯bφ
′
l + Λ
′
l(0)
∫
M
φl ψ¯ + λk(0)
∫
M
φ′l ψ¯
= −
∫
M
φ′lbψ + Λ
′
l(0)
∫
M
φl ψ¯ + λk(0)
∫
M
φ′l ψ¯
=
〈
Λ′l(0)φl, ψ
〉
L2(θ)
(3.10)
Therefore, Πk ◦′b|Ek is diagonalizable with eigenvalues {Λ′l(0)}. Here, Πk is the orthogonal
projection onto Ek. We claim that the eigenvalues of Πk ◦ ′b|Ek are those of Qf |Ek and
hence (ii) follows. Indeed, by Proposition 2.1,

′
bϕ := −f bϕ− n〈∂bf, ∂¯bϕ〉, (3.11)
where f = ∂ut/∂t|t=0. On the other hand,∫
M
ψ¯〈∂¯bϕ, ∂bf〉 =
∫
M
f ∂¯∗b (ψ¯∂¯bϕ)dvolθ
=
∫
M
fψ¯(∂¯∗b ∂¯bϕ)dvolθ −
∫
M
f〈∂¯bϕ, ∂bψ¯〉 dvolθ
=
∫
M
f
(
ψ¯bϕ− 〈∂¯bϕ, ∂bψ¯〉
)
dvolθ. (3.12)
Therefore, ∫
M
ψ¯′bϕ dvolθ = −
∫
M
f
(
(n+ 1)ψ¯bϕ− n〈∂¯bϕ, ∂bψ¯〉
)
dvolθ
= Qf (ϕ,ψ). (3.13)
Therefore, the claim and (ii) follows.
To prove (iii), we suppose that λk(θ) > λk−1(θ). Since Λl(0) = λk(θ) and λk(θ(t)) is
continuous in t, it must hold that Λl(t) > λk−1(θ(t)) for t sufficiently small. This implies
that for t small,
λk(θ(t)) = min{Λ1(t),Λ2(t), . . . ,Λm(t)}. (3.14)
Hence
d
dt
λk(θ(t))
∣∣
t=0−
= max{Λ′1(0),Λ′2(0), . . . ,Λ′m(0)} (3.15)
and
d
dt
λk(θ(t))
∣∣
t=0+
= min{Λ′1(0),Λ′2(0), . . . ,Λ′m(0)} (3.16)
which prove (iii).
Part (iv), i.e., the case λk(θ) < λk+1(θ), can be proved similarly. We omit the details.
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4. Proof of Theorem 1.4 and Corollary 1.5
4.1. Proof of Theorem 1.4 and corollaries. We denote by A0(M,θ) the set of real-
valued regular functions f with zero mean on M :
A0(M,θ) =
{
f ∈ C∞(M ;R) :
∫
M
f dvolθ = 0
}
. (4.1)
We need the following result.
Lemma 4.1. Let M be a compact embeddable strictly pseudoconvex CR manifold and θ a
pseudohermitian structure on M . Then the following statements hold.
(i) If θ is critical for the λk-functional restricted to P0+, then for every f ∈ A0(M,θ), the
restriction Qf |Ek : Ek(θ)→ C is indefinite.
(ii) Assume that either k = 1 or λk−1(θ) < λk+1(θ). Then θ is critical for the λk-functional
restricted to P0+ if and only if the Hermitian form Qf |Ek(θ) is indefinite for every
f ∈ A0(M,θ).
Proof. (i) Let f ∈ A0(M,θ). By direct calculations (cf. [4], page 124), the pseudoconformal
deformation of θ given by
θ(t) =
[
vol(θ)
vol(etfθ)
] 1
n+1
etf θ = eutθ, t ∈ R (4.2)
belongs to P0+ and depends analytically on t with ddtθ(t)
∣∣
t=0
= fθ, and
ut = tf − 1
n+ 1
ln(vol(etf θ)). (4.3)
Moreover,
d
dt
ut
∣∣
t=0
= f. (4.4)
Now assuming θ is critical for λk restricted to P0+, using Theorem 1.3, we obtain that Qf |Ek
has both nonnegative and nonpositive eigenvalues and hence (i) follows.
(ii) Let θ(t) = eutθ ∈ P0+ be an analytic deformation of θ. Since vol(θ(t)) is constant with
respect to t, the function f = ddtut
∣∣
t=0
∈ A0(M,θ). Indeed,
d
dt
vol(θ(t))
∣∣
t=0
=
d
dt
∫
M
e(n+1)utvolθ
∣∣
t=0
= (n+ 1)
∫
M
fvolθ. (4.5)
Thus (ii) follows in view of Theorem 1.3. 
Lemma 4.2. The Hermitian form Qf |Ek is indefinite on Ek(θ) for all f ∈ A0(M,θ) if and
only if there exists a finite family {ψ1, ψ2, . . . , ψd} ⊂ Ek(θ) such that
d∑
j=1
L(ψj) =
d∑
j=1
(
(n+ 1)λk|ψj |2 − n|∂¯bψj|2
)
= C (4.6)
for some constant C > 0.
Proof. We use an argument that is by now standard (cf. [4]). First, assume that (1.11)
holds, then for any f ∈ A0(M,θ), it holds that
d∑
j=1
Qf (ψj , ψj) = −
d∑
j=1
∫
M
fL(ψj) dvolθ = −
∫
M
Cf dvolθ = 0. (4.7)
Therefore, Qf |Ek(θ) must be indefinite.
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Conversely, assume that Qf |Ek is indefinite on Ek(θ) for all f ∈ A0(M,θ). For each k,
let Ck be the convex set of L2(M,dvolθ) defined as follows.
Ck :=
∑
j∈J
L(vj) : vj ∈ Ek(θ), J ⊂ N, J finite
 . (4.8)
Using a stardard argument based on the classical separation theorem (cf. [4]), we can show
that the constant 1 belongs to Ck. Indeed, if 1 6∈ Ck, then we can find a smooth real-valued
function h such that ∫
M
|h|2 dvolθ > 0 (4.9)
and ∫
M
hw dvolθ ≤ 0 (4.10)
for all w ∈ Ck. Let f = h−h0, where h0 > 0 is the average of h on M . Then f ∈ A0(M,θ).
For all ψ ∈ Ek(θ) we have, since L(ψ) ∈ Ck,
Qf (ψ,ψ) = −
∫
M
L(ψ)(h − h0) dvolθ
= −
∫
M
hL(ψ) dvolθ + h0
∫
M
(
(n+ 1)λk|ψ|2 − n|∂¯bψ|2
)
dvolθ
≥ h0
∫
M
|∂¯bψ|2 dvolθ. (4.11)
This contradicts the assumption that Qf is indefinite on Eθ since the last integral is positive.
Hence 1 ∈ Ck and thus there exists a family of functions {ψ1, ψ2, . . . , ψd} that satisfies (1.11).
Moreover, integrating (1.11) and using integration by parts, we see that
Cvol(M,θ) =
d∑
j=1
∫
M
|∂¯bψ|2 > 0, (4.12)
and hence C > 0 as desired. 
Theorem 1.4 follows immediately from the two lemmas above.
Proof of Corollary 1.5. Let a group G act transitively on M by pseudohermitian diffeomor-
phisms: g∗θ = θ for each g ∈ G. Let {ψ1, ψ2, . . . , ψd} be an orthonormal basis for Ek, then,
for each g ∈ G, {g · ψj := ψ ◦ g−1} is also an orthonormal basis and thus
g · ψj =
d∑
k=1
ajkψk (4.13)
for some d× d-unitary matrix [ajk]. This implies that
Ψ :=
d∑
j=1
|ψj |2 (4.14)
is G-invariant, and hence constant. By the same reason,
∑d
j=1 |∂¯bψj |2 is also constant. The
proof then follows from Theorem 1.4. 
Corollary 4.3. Suppose that θ is critical for the λk-functional. Then either λk is a multiple
eigenvalue or there exists a nontrivial eigenfunction ψ such that L(ψ) is a constant.
We have to leave open the question whether the latter case in the conclusion of Corol-
lary 1.5 can happen.
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4.2. A refinement. As briefly discussed in the introduction, our characterization of the
criticality for pseudohermitian structures (1.11) involves the first order derivatives of the
eigenfunctions. In this section, we show that under an additional condition, the term
involving the derivatives can be removed. This follows from the lemma below.
Lemma 4.4. Suppose that ψ1, ψ2, . . . , ψd ∈ Ek(θ) satisfy
d∑
j=1
(
(n+ 1)λk|ψj |2 − n|∂¯bψj |2
)
= λk. (4.15)
Assume that ∫
M
∣∣∣∣∣∣
d∑
j=1
ψ¯j∂bψj
∣∣∣∣∣∣
2
≤
∫
M
∣∣∣∣∣∣
d∑
j=1
ψ¯j ∂¯bψj
∣∣∣∣∣∣
2
. (4.16)
then
d∑
j=1
|ψj |2 = constant. (4.17)
We point out that condition (4.16) holds if either ψj ’s are real-valued for all j, or ψj are
anti CR for all j.
Proof. Let ϕ =
∑d
j=1 |ψj |2. Integrating both sides of (4.15) and using integration by parts,
we have
λkvol(M) = (n+ 1)λk
∫
M
ϕ− n
d∑
j=1
∫
M
|∂¯bψj |2
= (n+ 1)λk
∫
M
ϕ− n
d∑
j=1
∫
M
λk|ψj |2
= λk
∫
M
ϕ. (4.18)
It follows that
∫
M ϕ = vol(M). On the other hand, by direct calculations,
bϕ = λkϕ+
d∑
j=1
ψjbψ¯j −
d∑
j=1
|∂bψj |2 −
d∑
j=1
|∂¯bψj |2. (4.19)
This and (4.15) imply that∫
M
ϕbϕ =
λk
n
∫
M
ϕ(1− ϕ) +
d∑
j=1
∫
M
ϕψjbψ¯j −
d∑
j=1
∫
M
ϕ|∂bψj |2. (4.20)
Using integration by parts, we obtain for every j and ℓ,∫
M
ψjψ¯j,α¯ψℓψ¯ℓ,α = −
∫
M
ψ¯j
(
ψjψℓψ¯ℓ,α
)
,α¯
= −
∫
M
ψ¯jψℓψj,α¯ψ¯ℓ,α −
∫
M
|ψj |2|∂¯bψℓ|2 + λk
∫
M
|ψj |2|ψℓ|2. (4.21)
Here, the Greek indexes preceded by commas denote the Tanaka–Webster covariant deriva-
tives with respect to an orthonormal frame of T 1,0M and their conjugates. Taking the sum
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over j and ℓ, we obtain
∑
j,ℓ
∫
M
ψjψ¯j,α¯ψℓψ¯ℓ,α = −
∫
M
∣∣∣∣∣∣
d∑
j=1
ψ¯j ∂¯bψj
∣∣∣∣∣∣
2
−
d∑
j=1
∫
M
ϕ|∂¯bψj |2 + λk
∫
M
ϕ2
= −
∫
M
∣∣∣∣∣∣
d∑
j=1
ψ¯j ∂¯bψj
∣∣∣∣∣∣
2
+
λk
n
∫
M
ϕ(1 − ϕ). (4.22)
We compute,
d∑
j=1
∫
M
ϕψjbψ¯j −
d∑
j=1
∫
M
ϕ|∂bψj |2 =
d∑
j=1
∫
M
ψ¯j,α¯(ϕψj),α −
d∑
j=1
∫
M
ϕ|∂bψj |2
=
d∑
j=1
∫
M
ψjψ¯j,α¯ϕα
=
d∑
j,ℓ=1
∫
M
ψjψ¯j,α¯ψℓψ¯ℓ,α +
∫
M
∣∣∣∣∣∣
d∑
j=1
ψ¯j∂bψj
∣∣∣∣∣∣
2
=
∫
M
∣∣∣∣∣∣
d∑
j=1
ψ¯j∂bψj
∣∣∣∣∣∣
2
−
∫
M
∣∣∣∣∣∣
d∑
j=1
ψ¯j ∂¯bψj
∣∣∣∣∣∣
2
+
λk
n
∫
M
ϕ(1− ϕ). (4.23)
Plugging this into (4.20), we have that
0 ≤
∫
M
(bϕ)ϕ
=
2λk
n
∫
M
ϕ(1 − ϕ) +
∫
M
∣∣∣∣∣∣
d∑
j=1
ψ¯j∂bψj
∣∣∣∣∣∣
2
−
∫
M
∣∣∣∣∣∣
d∑
j=1
ψ¯j ∂¯bψj
∣∣∣∣∣∣
2
≤ 0. (4.24)
In the last inequality, we have used the fact that the average value of ϕ is 1. Therefore, ϕ
must be a constant. The proof is complete. 
More generally, (4.16) holds if ψj ’s satisfy the following Beltrami-type equation for the
CR quasiconformal mappings (see [13]),
fα = µα
β¯fβ¯ (4.25)
almost everywhere on M , where µ = µα
β¯ is a tensor field whose operator norm (viewed as a
field of complex linear mappings from (T (0,1)M)∗ → (T (1,0M)∗) is strictly less than one. We
thus obtain the following
Corollary 4.5. Let (M,θ) be a compact embeddable strictly pseudoconvex pseudohermitian
manifold and let λk be an eigenvalue of the Kohn Laplacian. Assume that k = 1 or λk−1(θ) <
λk+1(θ). Assume further that the corresponding eigenfunctions satisfy the Beltrami-type
equation (4.25) with ‖µ‖ ≤ 1, or has a basis consisting of real-valued functions. Then the
following are equivalent.
(i) θ is a critical for the λk-functional.
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(ii) There exists a finite family of eigenfunctions {ψ1, ψ2, . . . , ψd} such that |ψ1|2+ |ψ2|2+
· · · + |ψd|2 = 1 on M .
5. Eigenvalue ratio functionals
We consider the scaling invariant eigenvalue ratio functionals θ 7→ λk+1(θ)/λk(θ) for
k ≥ 1. If θ(t) is any analytic deformation of a pseudohermitian structure θ, then by
Theorem 3.2, t 7→ λk+1(θ(t))/λk(θ(t)) admits left and right derivatives at t = 0. Therefore,
we can introduce the following notion (cf. [11, 4]).
Definition 5.1. A pseudohermitian structure θ is said to be critical for the ratio λk+1/λk if
for any analytic deformation θ(t) = eutθ, the left and right derivatives of λk+1(θ(t))/λk(θ(t))
at t = 0 have opposite signs or one of them vanishes.
We introduce, for each θ ∈ P+, the operator Pk : Ek(θ) ⊗ Ek+1(θ) → Ek(θ) ⊗ Ek+1(θ)
defined by
Pk = λk+1(θ)(Πk ◦′b)⊗ IEk+1(θ) − λk(θ)IEk(θ) ⊗ (Πk+1 ◦′b), (5.1)
where Πk : L
2(M,Ψθ) → Ek(θ) is the orthogonal projection and I is the identity. The
Hermitian form naturally associated with Pk, denoted by Q˜f , is defined as follows: For
every v1, w1 ∈ Ek(θ) and v2, w2 ∈ Ek+1(θ),
Q˜f
(
v1 ⊗ w1, v2 ⊗ w2) = 〈bw1, w2〉L2(θ)Qf (v1, v2)− 〈bv1, v2〉L2(θ)Qf (w1, w2). (5.2)
Theorem 5.1. Let (M,θ) be a compact embeddable strictly pseudoconvex pseudohermtian
manifold. Then θ is critical for the functional
λk+1
λk
if and only if the Hermitian form Q˜f is
indefinite on Ek(θ)⊗ Ek+1(θ) for every real-valued regular function f .
Proof. The case where λk+1(θ) = λk(θ) is obvious since Q˜f (v1 ⊗ v2, v1 ⊗ v2) = 0. Assume
that λk+1(θ) > λk(θ) and let θ(t) be an analytic deformation of θ. From Theorem 1.3
d
dt
λk(θ(t))
∣∣
t=0−
and
d
dt
λk(θ(t))
∣∣
t=0+
(5.3)
are the least and the greatest eigenvalues of (Πk ◦′b) on Ek(θ) respectively, and similarly
for k + 1. Therefore,
λk(θ)
2 d
dt
λk+1(θ(t))
λk(θ(t))
∣∣∣
t=0−
=
[
λk(θ)
d
dt
λk+1(θ(t))
∣∣
t=0−
− λk+1(θ) d
dt
λk(θ(t))
∣∣∣
t=0−
]
(5.4)
is the greatest eigenvalue of Pk on Ek(θ)⊗Ek+1(θ), and
λk(θ)
2 d
dt
λk+1(θ(t))
λk(θ(t))
∣∣∣
t=0+
=
[
λk(θ)
d
dt
λk+1(θ(t))
∣∣∣
t=0+
− λk+1(θ(t)) d
dt
λk(θ(t))
∣∣∣
t=0+
]
(5.5)
is the least eigenvalue of Pk on Ek(θ) ⊗ Ek+1(θ). Hence, the criticality of θ for λk+1λk is
equivalent to the fact that Pk admits eigenvalues of both signs, which is equivalent to the
indefiniteness of Q˜f on Ek(θ)⊗ Ek+1(θ). The proof is complete. 
Proposition 5.2. Let M be a compact embeddable strictly pseudoconvex CR manifold. For
any pseudohermitian structure θ on M, the following conditions are equivalent.
(i) For all f ∈ A0(M,θ), the Hermitian form Q˜f is indefinite on Ek(θ)⊗ Ek+1(θ).
(ii) There exist finite families {ψ1, ψ2, . . . , ψd} ⊂ Ek(θ) and {φ1, φ2, . . . , φe} ⊂ Ek+1(θ) of
eigenfunctions such that
d∑
j=1
L(ψj) =
e∑
l=1
L(φl). (5.6)
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Here L is defined by (1.5).
Proof. The proof use similar arguments as in [11] and [4]. For the implication (i) ⇒ (ii),
recall that for each k, the convex cone Ck ⊂ L2(M,θ;R) are defined by
Ck :=
∑
j∈J
L(ψj) : ψj ∈ Ek(θ), J ⊂ N, J finite

It suffices to prove that Ck and Ck+1 have a nontrivial intersection. Indeed, otherwise, by
classical separation theorem, there exists a real-valued function h ∈ L2(M,θ;R) such that∫
M
hw1 > 0, w1 ∈ Ck (5.7)
and ∫
M
hw2 ≤ 0, w2 ∈ Ck+1. (5.8)
Therefore, Qh(v, v) > 0 for all v ∈ Ek and Qh(w,w) ≤ 0 for all w ∈ Ek+1. Hence
Q˜f
(
v ⊗ w, v ⊗w) > 0. (5.9)
This contradicts the assumption that Q˜f is indefinite on Ek(θ)⊗ Ek+1(θ).
Conversely, if ψj and φl as above such that (5.6) holds, taking integral both sides and
using integration by parts, one has
λk(θ)
d∑
j=1
∫
M
|ψj |2 = λk+1(θ)
e∑
j=1
∫
M
|φl|2. (5.10)
On the other hand, (5.6) also implies that for any smooth function f ,
d∑
j=1
Qf (ψj , ψj) =
e∑
l=1
Qf (φl, ψl). (5.11)
Therefore, ∑
j,l
Q˜f
(
ψj ⊗ φl, ψj ⊗ φl) = 0 (5.12)
and thus Q˜f is indefinite, as desired. 
Combining Theorem 5.1 and Proposition 5.2, we obtain the following corollary.
Corollary 5.3. Let M be a compact embedded strictly pseudoconvex CR manifold. Then
for k ≥ 1, a pseudohermitian structure θ on M is critical for the functional λk+1/λk if and
only if there exist finite families {ψ1, ψ2, . . . , ψd} ⊂ Ek(θ) and {φ1, φ2, . . . , φe} ⊂ Ek+1(θ)
of eigenfunctions such that
d∑
j=1
L(ψj) =
e∑
l=1
L(φl), (5.13)
where L is given by (1.5).
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6. Examples
In this section, we give explicit examples of critical pseudohermitian structures for eigen-
value functionals of the Kohn Laplacian. If M ⊂ Cn+1 is a strictly pseudoconvex real
hypersurface defined by ρ = 0 with ρ is strictly plurisubharmonic and θ := i∂¯ρ is a pseudo-
hermitian structure on M , then the Kohn Laplacian is given by [17]
bf =
(
|∂ρ|−2
i∂∂¯ρ
ρkρj¯ − ρj¯k
)
fj¯k + n|∂ρ|−2i∂∂¯ρρk¯fk¯. (6.1)
where f is a smooth function on M , extended smoothly to a neighborhood of M in Cn+1.
We have used the notations ρj = ∂ρ/∂z
j , ρjk¯ = ∂
2ρ/∂z¯k∂zj , ρjk¯ is the inverse of ρjk¯,
ρj¯ = ρj¯kρk (summation convention), and |∂ρ|2i∂∂¯ρ = ρj¯kρkρj¯ . We shall also use the following
simple observation to verify the condition (1.11) in Theorem 1.4.
Lemma 6.1. Suppose that ψ1, . . . , ψd are λk-eigenfunctions satisfying
ϕ :=
d∑
j=1
|ψj |2 = constant. (6.2)
If either ψj ’s are real-valued for all j, or ψj’s are anti CR for all j, then (1.11) holds.
Proof. By direct calculations, we have that
bϕ = λkϕ+
d∑
j=1
ψjbψ¯j −
d∑
j=1
|∂bψj |2 −
d∑
j=1
|∂¯bψj |2. (6.3)
If ϕ is a constant and ψj ’s are real-valued, (6.3) implies that
∑d
j=1 |∂¯bψj |2 is constant and
hence (1.11) follows. The argument for the case ψj’s are anti CR is similar and omitted. 
Example 6.2. On the sphere S2n+1 with the standard pseudohermitian structure Θ :=
i∂‖Z‖2, the restrictions of the anti-holomorphic functions z¯k are the eigenfunctions for the
first positive eigenvalue λ1 = n. Clearly, ϕ :=
∑n+1
j=1 |z¯j |2 = 1 on the sphere. It follows from
Lemma 6.1 that condition (1.11) in Theorem 1.4 holds. Thus, Θ is critical for λ1-functional.
Example 6.3 (cf. [18]). Consider the sphere S3 in C2z,w with the standard pseudohermitian
structure. The functions ψ1 := z¯
2, ψ2 :=
√
2z¯w¯, and ψ3 := w¯
2 are eigenfunctions of λ2 = 2
since bψj = 2ψj for j = 1, 2, 3. On S
3,
∑3
j=1 |ψ|2 = 1 is a constant. Therefore, by
Lemma 6.1 and Theorem 1.4, the standard pseudohermitian structure on S3 is also critical
for λ2 = 2.
Alternatively, consider the restrictions of ϕ1 :=
√
2ℜ(zw¯), ϕ2 :=
√
2ℑ(zw¯), and ϕ3 :=
|z|2−|w|2. Then for each j = 1, 2, 3, ϕj is a real-valued eigenfunction for λ2 = 2. Moreover,
by direct calculation,
∑3
j=1 L(ϕj) = 2 is constant.
Example 6.4. This example generalizes the previous one. Let Hp,q(S2n+1) be the space of
the restrictions to the sphere of the harmonic bihomogeneous polynomials of bidegree (p, q).
Then Hp,q(S2n+1) is a subspace of the eigenspace Eλ that corresponds to the eigenvalue
λ = q(p + n). On the other hand, the unitary group U(n) acts transitively on S2n+1 and
preserves the standard pseudohermitian structure. Thus, if {ψj} is an orthonormal basis
for this eigenspace, then ∑
j
L(ψj) = constant . (6.4)
When p = 0, a similar identity holds if we take {ψ˜j} to be the orthonormal basis for
H0,q(S2n+1), since U(n) also preserves the space of (anti) CR functions. Argue similarly
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as in the proof of Corollary 1.5,
∑
j |ψ˜j |2 is constant on the sphere. The last assertion is
essentially Theorem 1 in [21].
Example 6.5 (cf. [19]). Let Sr be the compact strictly pseudoconvex real hypersurface in
C
n+1 defined by ρ = 0, where
ρ =
n+1∑
j=1
(
log |zj |2
)2 − r2. (6.5)
Then Sr is the boundary of the smoothly bounded strictly pseudoconvex Reinhardt domain
{ρ < 0}. It is well-known that Sr is locally homogeneous as a CR manifold, but not globally
homogeneous. Thus, Corollary 1.5 does not apply for this case.
Let θ = i∂ρ|Sr . Using (6.1), we can easily compute
b(log |zj |2) = n
2r2
log |zj |2. (6.6)
Therefore, the functions vj := r
−1 log |zj |2 are real-valued eigenfunctions of b that corre-
spond to the eigenvalue λ = n/(2r2). Clearly, v21 + v
2
2 + · · · + v2n+1 = 1 on Sr. Thus, by
Lemma 4.4 and Theorem 1.4, θ is critical for the eigenvalue λ = n/(2r2) on Sr.
Note in passing that since vj ’s are also eigenfunctions for the sub-Laplacian that cor-
respond to the eigenvalue λ(∆b) = n/r
2. By previous result [4], θ is also critical for the
eigenvalue of the sub-Laplacian and hence the map (z1, z2, . . . zn+1) 7→ (log |zj |2) is a pseu-
doharmonic submersion onto the sphere.
References
[1] Alekseevski, D.; Kriegl, A.; Losik, M.; and Michor, P. W.: Choosing roots of polynomials smoothly.
Israel J. Math. 105 (1998): 203-233.
[2] Apostolov, V., Jakobson, D., and Kokarev, G.: An extremal eigenvalue problem in Ka¨hler geometry. J.
Geom. Phys. 91 (2015): 108-116.
[3] Aribi, A; Dragomir, S. and El Soufi, A.: On the continuity of the eigenvalues of a sublaplacian. Can.
Math. Bull. 57.1 (2014):12-24.
[4] Aribi, A; Dragomir, S. and El Soufi, A.: Eigenvalues of the sub-Laplacian and deformations of contact
structures on a compact CR manifold. Diff. Geom. Appl. 39 (2015): 113-128.
[5] Bando, S. and Urakawa, H.: Generic properties of the eigenvalue of the Laplacian for compact Rie-
mannian manifolds. Toˆhoku Math. J. 35.2 (1983): 155-172.
[6] Beals, R. and Greiner, P.: Calculus on Heisenberg Manifolds.(AM-119), volume 119. Princeton Univer-
sity Press, 1988.
[7] Boutet de Monvel, L.: Inte´gration des e´quations de Cauchy–Riemann induites formelles. (French)
Se´minaire Goulaouic-Lions-Schwartz 1974-1975; E´quations aux derive´es partielles line´aires et non
line´aires, pp. 13. Exp. No. 9, 13 pp. Centre Math., E´cole Polytech., Paris, 1975.
[8] Burns, D. M. and Epstein, C. L.: Embeddability for three-dimensional CR manifolds. J. Amer. Math.
Soc. 3.4 (1990): 809-841.
[9] Chen, S.-C. and Shaw, M.-C.: Partial differential equations in several complex variables. AMS/IP
Studies in Advanced Mathematics, 19. Amer. Math. Soc., Providence, RI; Int’l Press, Boston, MA.
[10] Dragomir, S. and Tommassini, G.: Differential Geometry and Analysis on CR manifolds, Progress in
Mathematics, Volume 246, Birkha¨user, (2006).
[11] El Soufi, A. and Ilias, S.: Laplacian eigenvalue functionals and metric deformations on compact mani-
folds. J. Geom. Phys. 58.1 (2008) 89-104.
[12] Kohn, J. J.: The range of the tangential Cauchy-Riemann operator. Duke Math. J. 53.2 (1986): 525-545
[13] Kora´nyi, A. and Reimann, H. M.: Quasiconformal mappings on CR manifolds. In Complex geometry
and analysis (pp. 59-75). Springer, Berlin, Heidelberg, (1990).
[14] Kriegl, A. and Michor, P.: Differentiable perturbation of unbounded operators.Math. Ann. 327.1 (2003):
191-201.
[15] Lee, J. M.: Pseudo-Einstein structures on CR manifolds. Amer. J. Math. 110.1 (1988): 157-178.
[16] Li, S.-Y; Son, D. N; and Wang, X.: A new characterization of the CR sphere and the sharp eigenvalue
estimate for the Kohn Laplacian. Adv. Math. 281 (2015): 1285-1305.
EIGENVALUES OF THE KOHN LAPLACIAN AND DEFORMATIONS 19
[17] Li, S.-Y; Lin, G.-J; and Son, D. N.: The sharp upper bounds for the first positive eigenvalue of the Kohn
Laplacian on compact strictly pseudoconvex hypersurfaces. Math. Z. Volume 288, Issue 3-4 (2018) pp.
949-963. DOI: 10.1007/s00209-017-1922-z
[18] Li, S.-Y; Son, D. N.: The Webster scalar curvature and sharp upper and lower bounds for the first
positive eigenvalue of the Kohn Laplacian on real hypersurfaces. Acta Math. Sinica, Engl. Ser. 34.8
(2018): pp. 1248–1258.
[19] Son, D. N.: Semi-isometric immersions of CR manifolds into Ka¨hler manifolds and applications. preprint,
24 pp. (2019).
[20] Rellich, F.: Sto¨rungstheorie der Spektralzerlegung, V, Math. Ann. 118 (1940): 462-484.
[21] Rudin, W.: Homogeneous polynomial maps. In Indagationes Mathematicae (Proceedings), vol. 87, no.
1, pp. 55-61. North-Holland, 1984.
[22] Urakawa, H.: Spectral Geometry of the Laplacian: Spectral Analysis and Differential Geometry of the
Laplacian. World Scientific, 2017.
Institut Denis Poisson, Universite´ de Tours, Universite´ d’Orle´ans ,CNRS (UMR 7013),Parc
de Grandmont, 37200 Tours, France
ESME Sudria, Paris, France, 40 rue du Docteur Roux 75015 Paris
E-mail address: Amine.Aribi@lmpt.univ-tours.fr; amine.aribi@esme.fr
Fakulta¨t fu¨r Mathematik, Universita¨t Wien, Oskar-Morgenstern-Platz 1, 1090 Wien, Aus-
tria
E-mail address: son.duong@univie.ac.at
